Based on our previous work [3], we prove that for any two projective symplectic resolutions Z 1 and Z 2 for a nilpotent orbit closure in a simple complex Lie algebra of classical type, then Z 1 is isomorphic to Z 2 . This verifies, in the nilpotent orbit case, a "folklore" conjecture on symplectic resolutions for symplectic singularities.
Introduction
Let X be a complex variety, which is smooth in codimension 1. Following [1] , the variety X is said to have symplectic singularities if there exists a holomorphic symplectic 2-form ω on X reg such that for any resolution of singularities π : Z → X, the 2-form π * ω defined a priori on π −1 (X reg ) can be extended to a holomorphic 2-form on Z. If furthermore the 2-form π * ω extends to a holomorphic symplectic 2-form on the whole of Z for some resolution of X, then we say that X admits a symplectic resolution, and the resolution π is called symplectic.
One important class of examples of symplectic singularities consists of nilpotent orbit closures in a semi-simple complex Lie algebra. Projective symplectic resolutions for these singularities have been completely characterized in [3] . This note studies the relationship between two such projective symplectic resolutions. Precisely we prove the following When X is projective, this conjecture has been proven by D. Huybrechts (Theorem 4.6 [6] ). In [7] , D. Kaledin proved the conjecture under a rather restrictive hypothesis (Condition 5.1 [7] ). In [4] , we proved that any projective symplectic resolution for a symmetric product S (n) of a symplectic connected surface S is isomorphic to the Douady-Barlet resolution S
[n] → S (n) . In particular, this also verifies the above conjecture. Such a parabolic sub-group P is called a polarization of O in [5] . So to prove Theorem 1, we need to show that if we have two polarizations
Proof of the theorem
. In fact, we will prove that G/P 1 is isomorphic to G/P 2 . To this end, we will do a case-by-case check.
One shows easily that the stabilizer P ⊂ G of F is a parabolic subgroup.
By Theorem 3.3 [5] , any polarization P of O is a stabilizer of such a flag F with type (s σ(1) , · · · , s σ(k) ) for some permutation σ ∈ S k . Furthermore, two parabolic subgroups with the same flag type are conjugate under the action of G. The proof is concluded by the following lemma
be the subspace of F i+1 generated by elements in F i−1 and by elements in F ⊥ i ∩ F i+1 , where F ⊥ i is taken with respect to a fixed inner product on V . Then one checks easily that
, and this gives an isomorphism between G/P and G/P ′ . ♠
Case g = sp 2n
Let V = C 2n and φ a non-degenerate anti-symmetric bilinear form on
is the orthogonal space of F i with respect to the bilinear form φ. The type (p 1 , · · · , p k ) of an isotropic flag satisfies p i = p k+1−i for 1 ≤ i ≤ k. By Lemma 4.3 [5] , every parabolic subgroup P of G is the stabilizer of some isotropic flag, and two parabolic subgroups with the same flag type are conjugate under the action of G (Lemma 4.4 loc. cit.) .
Here all congruences are modulo 2. For an even number q, let
The union P ai(2n) = ∪ q P ai(2n, q) parametrizes all conjugate classes of Levi factors of parabolic subgroups in G. For any q, there exists an injective Spaltenstein mapping (Proposition 6.5 [5] )
where P 1 (2n) is the partitional parameterizations of nilpotent orbits in sp 2n , i.e. the set of partitions of 2n in which odd pats occur with even multiplicity (cf. Section 5.1 [2] ). By the proof of Proposition 3.21 [3] , if P is a parabolic subgroup of G such that T * (G/P ) gives a symplectic resolution for O, then one should have q = #{j|d j ≡ 1}. The injectivity of the map S q implies that any two such parabolic subgroups P 1 and P 2 have conjugate Levi factors.
Let (p 1 , · · · , p k ) be the isotropic flag type of the parabolic subgroup P 1 . Then by Lemma 4.6 (d) [5] , the isotropic flag type of P 2 should be
, for some permutation σ ∈ S t , where t = [k/2] and p ′ j , t+1 ≤ j ≤ k are determined by the isotropic condition p ′ j = p σ(k+1−j) , and p ′ t+1 = p t+1 if k is odd. Now to prove the isomorphism between G/P 1 and G/P 2 , we just use a similar lemma as Lemma 1.
Case g = so 2n+1
Let V = C 2n+1 and let φ be a non-degenerate symmetric bilinear form on V . In the same way as in the case of g = sp 2n , one defines the notion of isotropic flags. The proof goes in a similar way as in the case of g = sp 2n .
Case g = so 2n
Let V = C 2n and φ a non-degenerate symmetric bilinear form on V . The group H of automorphisms of V preserving φ has two components. The identity component of H is our Lie group G ≃ SO(2n).
By Lemma 4.4 [5] , the class of parabolic subgroups of G with flag type (p 1 , · · · , p k ) splits into two conjugacy classes (denoted by P 1 and P 2 ) under the action of G if and only if k = 2t and p t ≥ 2. Furthermore, the two parabolic subgroups are conjugate under the action of H, i.e. there exists an element h ∈ H such that
is an isotropic flag in G/P 2 . This gives an isomorphism between G/P 1 and G/P 2 .
So we need only to consider polarizations of O with different flag types. By the proof of Proposition 3.22 [3] and the proof of Lemma 4.6 [5] , two such flag types differ by a permutation. We can conclude the proof as above.
3 Concluding remarks 3.1 Though we believe that Theorem 1 is also true for exceptional Lie algebras, by lack of a complete description of polarizations of their nilpotent orbits, we don't know how to check this.
In [4]
, we have constructed an example X of symplectic singularities, which admits two symplectic resolutions Z 1 → X and Z 2 → X such that Z 1 is not isomorphic to Z 2 .
